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Noncommutative polynomials

Noncommutative polynomials are elements of the free
noncommutative algebra over the field F

F<X1,X2,...>: { Z/\ixfn ---le.mi ‘ )\,'EF, jikGN}.
i
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Noncommutative polynomials

Noncommutative polynomials are elements of the free
noncommutative algebra over the field F

F<X1,X2,...>: { Z/\ixfn ---le.mi ‘ )\,'EF, jikGN}.
i

® [x,y] = xy —yx commutator
° f(x,y,2) =1+xyx?> —y?z% 4z

* g(x,y,z,w) = Xyzw + 2wxzy — yxwz
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Images of polynomials

The image of a noncommutative polynomial f(x1,...,Xpn) in
the algebra Ais

f(A)={f(a1,....am) | a1,...,am€ A}.
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Images of polynomials

The image of a noncommutative polynomial f(x1,...,Xpn) in
the algebra Ais

f(A)={f(a1,....am) | a1,...,am€ A}.

e [x,y]?(Mx(F)) = F central polynomial

Daniel Vitas The L'vov-Kaplansky Conjecture



Images of polynomials

The image of a noncommutative polynomial f(x1,...,Xpn) in
the algebra Ais
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Images of polynomials

The image of a noncommutative polynomial f(x1,...,Xpn) in
the algebra Ais

f(A)={f(a1,....am) | a1,...,am€ A}.

e [x,y]?(Mx(F)) = F central polynomial
* [[x,y]? z](Mx(F)) =0 polynomial identity
° (14 xyx2 —y2z3 4+ 2)(A)=A
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Images of polynomials

The image of a noncommutative polynomial f(x1,...,Xpn) in
the algebra Ais

f(A)={f(a1,....am) | a1,...,am€ A}.

e [x,y]?(Mx(F)) = F central polynomial
* [[x,y]? z](Mx(F)) =0 polynomial identity
o (14 xyx? — y2z% + z)(A) = A surjective polynomial
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Images of polynomials

For a noncommutative polynomial f and any algebra A:
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Images of polynomials

For a noncommutative polynomial f and any algebra A:
¢ f(A) contains a constant  f(0,...,0) € F

e f(A)is conjugacy-closed  bf(a,...,am)b™"
= f(bayb~',... bapb~")

Theorem (Chuang 1990)

For a finite field F, every conjugacy-closed set S C M,(F),
containing a constant, is an image of some polynomial.
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Images of polynomials

For a noncommutative polynomial f and any algebra A:
¢ f(A) contains a constant  f(0,...,0) € F

e f(A)is conjugacy-closed  bf(a,...,am)b™"
= f(bayb~',... bapb~")

Theorem (Chuang 1990)

For a finite field F, every conjugacy-closed set S C M,(F),
containing a constant, is an image of some polynomial.

Theorem (Bresar, Semrl 2023)

For an infinite field F and a non-central polynomial f, every
traceless matrix is a sum of 2 matrices from the set
f(Mn(F)) — f(Mn(F)).
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Multilinear polynomials

Polynomials of the form

f(X1,. .. ,Xm) = Z )\UXU(U - Xo(m)
UGSm

for some )\, € F are called multilinear.

Daniel Vitas The L'vov-Kaplansky Conjecture



Multilinear polynomials

Polynomials of the form

f(X1,. .. ,Xm) = Z )\UXU(U - Xo(m)
UGSm

for some )\, € F are called multilinear.

© Xy + pyx

Daniel Vitas The L'vov-Kaplansky Conjecture



Multilinear polynomials

Polynomials of the form

f(X1,. .. ,Xm) = Z )\UXU(U - Xo(m)
UGSm

for some )\, € F are called multilinear.

® AXy + pyx
° g(x,y,z,w) = xyzw + 2wxzy — yxwz

Daniel Vitas The L'vov-Kaplansky Conjecture



Multilinear polynomials

Polynomials of the form

f(X1,. .. ,Xm) = Z )\UXU(U - Xo(m)
UGSm

for some )\, € F are called multilinear.

AXY + pryx
a(x,y,z,w) = Xyzw + 2wxzy — yxwz
h(x,y,z) = xyz+ zy is not multilinear

If fis multilinear, then f(A) is closed under
multiplication with scalars.
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The L'vov-Kaplansky conjecture

Conjecture (L'vov-Kaplansky)
If fis multilinear, then f(Mu(F)) is a vector space.
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If fis multilinear, then f(Mu(F)) is a vector space.

Theorem (Kanel-Belov, Malev, Rowen 2012)
The conjecture is true for n=2. (F quad. closed)
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Theorem (V. 2023)

The conjecture is true for polynomials of degree 3.
(F alg. closed of char 0)
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The L'vov-Kaplansky conjecture

Conjecture (L'vov-Kaplansky)
If fis multilinear, then f(Mu(F)) is a vector space.

Theorem (Kanel-Belov, Malev, Rowen 2012)
The conjecture is true for n=2. (F quad. closed)

Theorem (V. 2023)

The conjecture is true for polynomials of degree 3.
(F alg. closed of char 0)

unknown for n = 3...
or polynomials of degree 4...
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Proof Attempt (Dykema, Klep 2016)

We are proving...

If f is multilinear of degree 3, then f(M,(F)) is a vector space.
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Proof Attempt (Dykema, Klep 2016)

We are proving...

If f is multilinear of degree 3, then f(M,(F)) is a vector space.

Sylwester’s clock-and-shift matrices W"=1)
1 a10 1 P
w
up =
1
W 0
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Proof Attempt (Dykema, Klep 2016)

We are proving...

If f is multilinear of degree 3, then f(M,(F)) is a vector space.

Sylwester’s clock-and-shift matrices W"=1)
1 a10 1 P
w
p_
Uq -
1
wnf1 1 0
A cool fact
o0 _ Y ey
Ug Uy = scalar Ugig-

Now, try to solve f(uf, ugf,A) = B...
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Proof (V. 2023)
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Proof (V. 2023)

We are proving...

If fis multilinear of degree 3, then f(M,(F)) is a vector space.

For variables xq, ..., x, set
% 0 1 :
X2
X =
1
Xn| |1 0
and similarly define Y; for variables y;, ..., yn.
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Proof (V. 2023)

We are proving...
If fis multilinear of degree 3, then f(M,(F)) is a vector space.

For variables xq, ..., x, set
% 0 1 :
X2
X =
1
Xn| |1 0
and similarly define Y; for variables y;, ..., yn.

The equation f(X;, Y;, A) = Bis a system of n? linear
equations in n? variables.

det(Xq,...,Xn, ¥1,...,¥n) # 0 = solvable
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A similar problem

Let Abe an algebra. Is f(A) a vector space for any multilinear
polynomial f?
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A similar problem

Let Abe an algebra. Is f(A) a vector space for any multilinear
polynomial f?

Negative answer

If Ais the Grasmann algebra in more than 4 variables, then
[x, ¥](A) is not a vector space.
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A similar problem

Let Abe an algebra. Is f(A) a vector space for any multilinear
polynomial f?

Negative answer

If Ais the Grasmann algebra in more than 4 variables, then
[x, ¥](A) is not a vector space.

V.
Positive answers

e Upper triangular matrix algebra UT,.
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[x, ¥](A) is not a vector space.

V.
Positive answers

e Upper triangular matrix algebra UT,.
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A similar problem

Let Abe an algebra. Is f(A) a vector space for any multilinear
polynomial f?

Negative answer

If Ais the Grasmann algebra in more than 4 variables, then
[x, ¥](A) is not a vector space.

V.
Positive answers

e Upper triangular matrix algebra UT,.

e Strictly upper triangular matrix algebra UT,(,O).
e Quaternion algebras Hg.
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Surjective inner derivations

We say that algebra A has a surjective inner derivation if the
map
X — [a, x]

is surjective in A for some a € A.
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Surjective inner derivations

We say that algebra A has a surjective inner derivation if the
map
X — [a, x]

is surjective in A for some a € A.

e The n-th Weyl algebras Ap.

® The endomorphism algebra End(V) for an infinite
dimensional vector space V.
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Surjective inner derivations

We say that algebra A has a surjective inner derivation if the
map

x — [a, X]

is surjective in A for some a € A.

e The n-th Weyl algebras Ap.

® The endomorphism algebra End(V) for an infinite
dimensional vector space V.

® The tensor product A® B, where A has a surjective
inner derivation.
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Surjective inner derivations

We say that algebra A has a surjective inner derivation if the
map

x — [a, X]

is surjective in A for some a € A.

e The n-th Weyl algebras Ap.

® The endomorphism algebra End(V) for an infinite
dimensional vector space V.

® The tensor product A® B, where A has a surjective
inner derivation.

Theorem (V. 2021)

If Ais an algebra with a surjective inner derivation, then
every multilinear polynomial f is surjective in A.
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Warring type problems

Theorem (Bresar, Semrl 2023)

For an infinite field F and a non-central polynomial f, every
traceless matrix is a sum of 2 matrices from the set
f(Mn(F)) — f(Mn(F)).
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Warring type problems
Theorem (Bresar, Semrl 2023)

For an infinite field F and a non-central polynomial f, every
traceless matrix is a sum of 2 matrices from the set
f(Mn(F)) — f(Mn(F)).

V.

If fis multilinear and non-central, then every traceless
matrix is contained in the set f(Mu(F)) — f(Mn(F)).
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Warring type problems
Theorem (Bresar, Semrl 2023)

For an infinite field F and a non-central polynomial f, every
traceless matrix is a sum of 2 matrices from the set
f(Mn(F)) — f(Mn(F)).

If fis multilinear and non-central, then every traceless
matrix is contained in the set f(Mu(F)) — f(Mn(F)).

Open problem

If fis non-central, is every traceless matrix contained in the
set f(Mn(F)) — f(Mn(F)) for all big enough n?

Daniel Vitas The L'vov-Kaplansky Conjecture



References

[ M. Bresar and P. Semrl., The Waring problem for matrix algebras, /sr.
J. Math. 253 (2023), 381-405.

@ cL Chuang, On ranges of polynomials in finite matrix rings, Proc.
Amer. Math. Soc. 110 (1990), 293-302.

@ A. Kanel-Belov, S. Maley, L. Rowen, The images of non-commutative

polynomials evaluated on 2 x 2 matrices, Proc. Amer. Math. Soc. 140
(2012), 465-478.

[d D.vitas, The L'vov-Kaplansky conjecture for polynomials of degree
three, preprint, 2023.

Daniel Vitas The L'vov-Kaplansky Conjecture



